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Abstract

Transition rates for induced and spontaneous tachyon radiation in hydrogenic
systems as well as the transversal and longitudinal ionization cross sections
are derived. We investigate the interaction of the superluminal radiation field
with matter in atomic bound—bound and bound—free transitions. Estimates
are given for Ly-« transitions effected by superluminal quanta in hydrogen-
like ions. The tachyonic photoelectric effect is scrutinized, in the Born
approximation and at the ionization threshold. The angular maxima occur
at different scattering angles in the transversal and longitudinal cross sections,
which can be used to sift out longitudinal tachyonic quanta in a photon flux.
We calculate the tachyonic ionization and recombination cross sections for
Rydberg states and study their asymptotic scaling with respect to the principal
quantum number. At the ionization threshold of highly excited states of order
n ~ 10%, the longitudinal cross section starts to compete with photoionization,
in recombination even at lower levels.

PACS numbers: 03.65.Nk, 03.70.+k, 32.80.Rm, 02.30.Gp

1. Introduction

When considering superluminal quanta, we may try a wave theory or a particle picture as the
starting point. The latter has been studied for quite some time, but did not result in viable
interactions with matter [1-7]. Here, tachyons are modelled as wave fields with negative mass-
squared, coupled by minimal substitution to subluminal particles. Interaction with matter is
indeed the crucial point, we maintain the best established interaction mechanism, minimal
substitution, by treating tachyons like photons with negative mass-squared, a real Proca field
minimally coupled to subluminal matter [8—10].

The superluminal energy flux can be split into a transversal and a longitudinal component,
and the different polarizations are quantized in different statistics to obtain a positive definite

0305-4470/05/102201+24$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 2201


http://dx.doi.org/10.1088/0305-4470/38/10/011
http://stacks.iop.org/ja/38/2201

2202 R Tomaschitz

energy operator; transversal quanta are bosonic and longitudinal ones are fermionic. The spin-
statistics theorem and most other quantum field theoretic no-go theorems are not applicable
outside the lightcone, as they are based on microcausality, which means, in a relativistic
context, on the non-existence of superluminal signal transfer [11]. This theory of superluminal
radiation is non-relativistic, based on an absolute cosmic spacetime conception, which is
crucial to maintain causality [12—14]. The superluminal modes are coupled to a Klein—-Gordon
field, a scalar subluminal particle in a Coulomb potential. We derive the T-matrix elements
of the interaction operator, in effect, the tachyonic Einstein coefficients. The minimally
coupled radiation field is treated perturbatively in linear order, as suggested by the very small
tachyonic interaction constant, the ratio of tachyonic and electric fine structure constants
being oq/a. ~ 1.4 x 10~"!. The electromagnetic second-order contribution overpowers the
tachyonic counterpart by some 22 orders, so that elementary statistical procedures such as
detailed balancing are sufficient for the second quantization of the interaction. Linearization
on account of the tiny interaction is used throughout; there is no need to develop a perturbation
theory beyond the linear order. One can also reckon that the Lagrangian of the Proca field is
itself just the linearization of a nonlinear Born—Infeld type of Lagrangian, as this seems to be
the most straightforward way to achieve a finite classical self-energy.

This paper is about the interaction of superluminal radiation modes with energy levels of
hydrogen-like ions. The emphasis is on the actual transition rates and cross sections, bound—
bound and bound—free, in both directions, ionization and recombination. In which energy
range can superluminal and in particular longitudinal radiation emerge? Is the longitudinal
component completely overpowered by transversal electromagnetic radiation? Not so, we
give quantitative estimates in this regard.

In section 2, we derive the transition rates for bound—bound transitions in hydrogen-
like ions, effected by longitudinal and transversal superluminal quanta. This, after having
outlined the coupling of the tachyonic radiation field to a relativistic spinless charge in a
Coulomb potential and the set-up of second quantization, to keep the paper self-contained.
We elaborate on transition rates in dipole approximation, on the Einstein A- and B-coefficients,
on spontaneous and induced radiation outside the lightcone, and we compare tachyonic Ly-«
transitions to electromagnetic ones.

The main emphasis is on tachyonic ionization; in section 3 we discuss ground state
ionization. The interaction of tachyons with low energy particles can result in very speedy
superluminal quanta, in contrast to high energy interactions, where the energy transfer is at
best moderate so that the superluminal velocities are always close to the speed of light. The
focus, therefore, is not the Born approximation, which requires energies far higher than the
ionization threshold, but we rather investigate the threshold itself in dipole approximation.
Extremely low energy transfer, with electronic ejection energies close to zero, is also the topic
of section 4, where we study ionization of Rydberg states. The differential cross sections can
be used to separate transversal and longitudinal radiation. The peaks of the transversal and
longitudinal cross sections are located at noticeably different scattering angles, the transversal
maximum coincides with the longitudinal minimum.

In section 4, we discuss the Born and dipole approximations of the ionization cross
sections of Rydberg states. Bound states with quantum numbers n ~ 100 and beyond are of
particular interest with regard to tachyonic ionization and recombination, as their ionization
energy is singularly small, which means tiny energy transfer and high superluminal velocities
if the energy of the free electron is close to zero. More importantly, the n-scaling of the
longitudinal cross section at the ionization threshold is key to overcoming the very small ratio
of tachyonic and electric fine structure constants in search for the longitudinal radiation. We
restrict ourselves to s-states, though there is no real obstacle to considering non-zero angular
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momentum. The ionization cross sections depend on two asymptotic parameters, the quantum
number 7 of the s-state and the kinetic energy of the ejected electron. The wavefunctions of
hydrogenic Rydberg states are essentially Laguerre polynomials of order n, and the matrix
elements in the cross sections are composed of hypergeometric polynomials of the same order.
Approximations of these polynomials are calculated in the appendix. In section 5, we present
our conclusions.

2. Tachyonic emission and absorption rates in hydrogenic systems

We consider a subluminal, spinless quantum particle, coupled by minimal substitution to
the tachyonic vector potential: L = Lp + Ly, where Lp = —%Faﬂ FoP 4 %m%AaA“ is the
Lagrangian of the superluminal Proca field, and L, is the Klein—-Gordon Lagrangian including
the interaction terms,

Ly = c 20 o y* — VAY VY — (me/m) gy, o
3 =8, +in™'V —igG Ao, VA=V —igA, V= —Zé*/(4nr). )
The tachyon mass m has the dimension of an inverse length, a shortcut for mc/h. In L,,, we
have included a time-independent potential V, exemplified as attractive Coulomb potential,
which is treated non-perturbatively. The expansionisin g := g/(hc), where ¢ is the tachyonic
charge of the subluminal particle by which it couples to the superluminal radiation field. The
Hamiltonian corresponding to (2.1) reads

Hy = c*an* +i(GAo — ™' V)Ym —i(GAg — ' V)Y n* + VAY VY™ + (me/h)* gy,

2.2)

Subtracting the free Klein—-Gordon Hamiltonian,
Hy* = g —ih ™'V + i~ Ve + Vy VY™ + (me/h) Yy, (2.3)
we find the interaction Hamiltonian expanded in first order in the tachyon charge,
HJ" := Hy — Hy* = —igc > Aoy (Y, + i~ V) +ige Aoy (W — ik~ V)

+iGAY VY — gAY VY™ +0(G?). 2.4)
The energy density of the free matter field follows from nge,

Py = TP — PRVt + VY VYT + (me/h) Yyt (2.5)
We use Vi Vi * = —* Ay, partially integrated, as well as the free field equation,

23/t +ih V)2 — AY + (me/h)*y =0, (2.6)
to write the energy density as

Gy =YW — Y = 20T VY 2.7

The non-relativistic limit of (2.6), the Schrodinger equation in a Coulomb potential, is
recovered by the substitution ¥ — 7(2m)~"/?>y exp(—imc’t/h) in the Lagrangian (2.1).
The non-relativistic interaction is found by the same substitution in (2.4), cf [15].

We define the scalar product,

W, @) = i/(w*atvl/f — 3" dx, 8 =9, +in"'v, (2.8)

and note the continuity equation, p , + div j = 0, with the 4-current

o, @) ==iq(@*d ¥ — ¥d " ¢"), i, @) = —igP(p*Vyr — Y Ve*), (2.9)
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where ¥ and ¢ are arbitrary wave fields solving the wave equation (2.6). We insert the
separation ansatz ¥; = u; exp(—iw;t) into the field equation (2.6) and the current (2.9),
and define the shortcuts Py Un) =2 P exp(_iwmnt) and J(‘/fma Yn) =: jmn eXP(_iwmnf),
where w,,,, := w,, — w,. In this way, we find the time separated wave equation

Au; = ((mc/h)? — ¢ 2 (w; —h~'V)Hu;, (2.10)
the matrix elements

Pon = G (W + 0y — 28 V) uu Jon = —iqcz(u:Vum —upVu), (2.11)

n’

and the orthonormality relation f Pomn dPx = q8mn, Wwhere we use a normalization convenient
for second quantization. The foregoing derivations apply to more or less any time independent
potential V, no need for the spherical symmetry, just that the spectrum of (2.10) stays bounded
from below. We do not elaborate on the continuous spectrum here, assuming box quantization.
Scattering states are studied in section 3, more or less on the same footing.

We consider a free wave field, v = Tic > byu, e ', with arbitrary complex
amplitudes b, and positive frequencies w,, substitute it into the energy density ,of/jee in (2.7),
and find the field energy as E = [ pff" &x = Y, hw,b,b:, where we made use of the
orthonormality condition stated after (2.11). We restrict ourselves to positive frequency
solutions, antiparticles can be dealt with analogously, there are no tachyonic antiparticles by
the way, the superluminal Proca field is real. In (2.9), we put ¢ = v and expand density and
current

p() =he? Y bybipmne ' j() =he® Y bubjn e, (2.12)

with p,,, and j,,, asin (2.11). We substitute these series into the interaction Hamiltonian (2.4),

. 1
Hy' = ~ 53 Aop (V) + Aj (1)), (2.13)

together with the Fourier series of the tachyon field,

3
A, 1) =LY (AK) exp(i(kx — w1)) +c.c.), AK) =) esalk,n), (214
k

r=l1

where k := 27n/L. The summation is over integer lattice points n in R?, corresponding
to periodic boundary conditions. The e ; and e, are arbitrary real unit vectors (linear
polarization vectors) orthogonal to ex3 := ko = k/|k|, so that the ey, constitute an
orthonormal triad, and the a(k, 1) are arbitrary complex numbers. The amplitudes A can be
arbitrarily prescribed, the time component A of the potential is then determined by the Lorentz
condition and the free field equations, and so is the dispersion relation, k* = w?/c? + m?. We
split the potential into transversal and longitudinal components,

ATk =) ensak,2),  Aj=0, 2.15)
r=1,2
AL (K) = koa(k, 3), Ak (k) = —cPko~a(k, 3); (2.16)

this decomposition is unique, as there is no gauge freedom. It is understood that w (k) solves
the mentioned dispersion relation. The time averaged energy densities of the wave fields
(2.15) and (2.16) read

(pg)=2c72 Y olaa*, (o) = —2m? Y " a3)a*(3). (2.17)
k;a=1,2 k
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The averaging is essential to cancel the indefinite terms in the classical densities, mixtures
of transversal and longitudinal modes. It is the time averaged energy densities rather than
the classical Hamiltonian, that are quantized [15]. To this end, we introduce rescaled Fourier
coefficients,

ak, 1) =:27"2cn 2w ay ak,3) =270 20 2 m " ay 5, (2.18)
A =1, 2, so that the field energy gets a familiar shape
(pg) = Z hoyay ay ; (p]%) = - Zha)kak,gafzﬁ. (2.19)
kiAi=1,2 Kk

The Fourier coefficients ax ; are interpreted as operators, and the complex conjugates ay ,
as their adjoints alt, ,- We use commutation relations for the transversal degrees, A = 1,2,
and anticommutators for the longitudinal modes, to turn the longitudinal energy in (2.19) into
a positive definite operator. The fact that Fermi statistics is invoked to quantize a spin-one
field in 4D seems strange at first sight, but the spin-statistics theorem is not applicable outside
the light cone [3]. The occupation number representations of the energy densities can be
found in [16], the vacuum is defined with regard to the universal rest frame, the comoving
galaxy frame. The absolute spacetime defined by this reference frame is already required at
the classical level [17], as the causality of the superluminal signal transfer is subject to the
universal cosmic time order [12]. The galaxy frame is the rest frame of the cosmic absorber
medium, the cosmic ether, a prerequisite for retarded wave propagation outside the light cone
[13, 14]. The transversal Hamilton operator of the free tachyon field is (pf) in (2.19), with
the Fourier amplitudes ax ay ; replaced by the operator products gy ;ax s, the transversal
modes being bosonic as in the zero-mass limit. The longitudinal energy operator is defined
by the fermionic substitution ax 3ay ; — —af; NOER (pﬁ) To obtain the interaction operator,
cf (2.13), we replace the amplitudes b, b of the Klein—-Gordon field in (2.12) and (2.13) by
bosonic operator products b*b,,. Similarly, the tachyonic field amplitudes al(:i are replaced

by bosonic or fermionic operators al(:i, as in the energy densities (2.19).

To sum up, there are three major deviations from the standard quantization procedure.
Two of them are technical, the third is not, implying an absolute, non-relativistic spacetime
conception to cope with superluminal quanta. First, the time averaged energy density rather
than the classical Hamiltonian is taken as the starting point for the operator interpretation.
Second, Fermi statistics is employed for the longitudinal modes of an integer spin field in 4D,
and third, the vacuum state is defined with respect to the universal frame of reference, the
absolute cosmic spacetime as manifested in the cosmic background radiations, the expanding
galaxy grid, and the absorber medium.

We turn to the actual calculation of the transition rates, beginning with the transversal
fields AT, Ay = 0, cf (2.14) and (2.15), in a fixed linear polarization A (that is, no summation
over A in (2.15)). The transversal component of the interaction Hamiltonian (2.13) reads
HiEt = —h_lc’3ATj(1p). We substitute the Fourier decompositions (2.14), (2.15), (2.18) and
(2.12) into [ HX d3x, and replace the amplitudes by operators b§+)and al(:;. In this way, the
T-matrix elements for absorption and emission can readily be identified as

. B2
(Tobsjem) = —W

This corresponds to the absorption or emission of a transversal tachyon, cf [15] for details,
where the interaction with a non-relativistic particle in a Coulomb potential was studied. The
transition matrix for the interaction of tachyons with a free Klein—Gordon particle has been
derived in [16]; we outline the changes necessary to incorporate the Coulomb potential and state

/ Exdmn € dx. (2.20)
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abs, em) m (220)
only differ by a sign change in the exponential; the upper sign always refers to absorption.
The tachyonic wave vector k relates to the tachyonic frequency wy by the dispersion relation
stated before (2.15); the wy are positive, and the w,,,, := w,, — w, refer to energy levels of the
wave equation, cf (2.10). The initial state is denoted by a subscript m and the final state by n,
so that a positive w,,, stands for emission.

The longitudinal component of the 1nteract10n (2.13) reads H- = Hlkt“) + Hlkt(z), where
HEY = —n~'e3ALj(y) and HE® = —n~'¢3 Agp(), with the Fourier series of AL and
Ay defined in (2.14), (2.16) and (2.18). By substituting these series into f Hlkl(l) d?x and

i HII;EZ) d®x, we find the respective T-matrix components,

the transition probabilities, mostly without derivation. The matrix elements (TT

3/2,.1/2
( L(D) >_ _ n Wy Kni. otk d3x
abs/em/ — ﬁm[c2L3/2 0Jmn 5
TE@ 1y _ 2k +ikx 43 22D
( abs/em> - W Pmn € X.

We have here restored the mass unit, m; — mc/h, and kg = k/k is the tachyonic unit wave
vector. The longitudinal 7T-matrix, <Tal,;S /em) = <Ta1{)$)em> + (Talgglm), can be further simplified.
To this end, we return to (2.8)—(2.11), and inspect the integral f (UmAul — ul Auy,) etikx @3y,
once by applying the Gauss theorem, and once by employing the field equation (2.10). By

making use of the continuity equation as stated after (2.8), we readily derive Koj,,, e***

Fhk ™ @y pmn €%, valid under the integral sign, that is, up to a divergence. In this way, we
can express the longitudinal 7T-matrix by the charge density only,
2
mc +ikx 13
(Ta]Bs/em> / Pmn © d’x, (2.22)
12 .1/2
V2w Pk L3?

where we used energy conservation, wy = Fw,, as well as the tachyonic dispersion relation
k= w2/02 + (mtc/h)z.

We return to the transversal transition matrix (2.20). Once this matrix is known, the
transition rate for the transversally induced absorption and emission in a given polarization A
is obtained by a standard procedure [18],

1 &k
Tind +ikx 43
dwabs/em 8]1’2 h62 eﬂhw — ‘/ €k, )»‘]mn € d’x
where w (as well as k(w)) is taken at |w,,,|. The upper sign refers to absorption, and m to the
initial state; the solid angle element, d2 = sin 6 df de, is centred at the tachyonic wave vector
k. The emission rate (2.23) also applies to spontaneous radiation, if the factor (e — 1)~!
(the averaged occupation number) is dropped, dwe? ~ (e — 1) dwl:ind, The total emission

2
e, (2.23)

rate is du);F = dwT ind 4 dwemp. The spontaneous transversal emission rate is temperature
independent, unaffected by the tachyonic heat bath, in contrast to the longitudinal emission
discussed below. The rates for unpolarized radiation are obtained by replacing ex 3 jm, in
(2.23) by the transversal current, cf (2.11),

= —ig WV — u, V), V=V — Kok - V), (2.24)

with kg := k/k. The spontaneous emission rate is time symmetric, applying to tachyon
absorption as well.

-]mn

The longitudinal transition rate is assembled with (7, ( abs /em> in (2.22),
1 m2
L,ind +ikx 43
dw abs/em 87T2 h k eﬁh‘” +1 ’/ Pmn © d'x dQ (225)
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Here, m denotes the initial state, both for absorption and emission, and @ = |wWyy,l.
The total emission rate reads as dw. = dwl™®_, — dwli with dwki™ in (2.25) and

dwi® o = (/" + 1) dwl;™, the latter being the spontaneous transition rate in the zero

temperature limit [15]. At finite temperature, the spontaneous emission rate is dwi? =

dwi® o — 2dwki, 5o that the total emission reads dwl;, = dwl:" + dwep”. Hence,
dwl® ~ (" — 1) dwLi™ = tanh(Bhew/2) dwl™._,. (2.26)

The time symmetry of the transition rates also extends to the longitudinal radiation; they stay
invariant with regard to an interchange of the indices m and n (representing initial and final
states) accompanied by a sign change of the wave vector k. The longitudinal emission (2.26)
is temperature dependent and vanishes in the high-temperature limit.

The dipole approximation of the tachyonic transition rates (2.23) and (2.25) allows a
quantitative comparison with electromagnetic radiation, avoiding the explicit evaluation of
matrix elements; otherwise this has to be done on a case by case basis, for each transition. We
start with [ (u, Auf — u’ Auy)X d?x, apply the Gauss theorem once and the time separated
field equation (2.10) once, and find, cf (2.24),

/‘]SrB de = _lwmnd,g;g, d,, = /Iomnx d3x’ d;n =d,, — kO(kOdmn)~ (227)

We consider unpolarized transversal radiation, replacing in the transition rate (2.23) ek 3jmun
by the transversal current j! . In (2.23) we drop the exponential, and in the longitudinal rate
(2.25) we expand it in first order and substitute the dipole moment (2.27), so that the angular
integrations can readily be carried out by making use of [ sin’* 6 dQ2 = 87 /3. Hence,

2 2
8 4
/ ‘ / jnn x| dQ = T”w,%,udmnﬁ / f punkxd’x| dQ = ?”kﬂdmnﬁ (2.28)
from which the dipole approximation of the induced rates (2.23) and (2.25) follows,
tina A lduP ke’ Lind _ 21dwil>mick 1 (2.29)
absfem 3 4g hic2 efhe — 1 absfem 3 4m R ePho 4’ ‘

The spontaneous dipole emission rates read w;r,;fp ~ (efhe — l)w;r‘;li"d, cf after (2.23), and
weLr’nSp ~ (ePhe — DHwind of (2.26). We thus find the ratios,

em

whoowkoo1 (,Bha)) m2ct

— —tanh [ — > (2.30)
Wabs Wem 2 2 h*w?

for induced as well as spontaneous radiation. The dipole rates (2.29) refer to a transition

frequency @ = |w,,, |, they are angular integrated, and the transversal radiation is unpolarized.

The electromagnetic transition rates wsggl/r;fn are recovered from the transversal rates by

dropping the tachyon mass in the wave vector and replacing the tachyonic charge ¢ in the

dipole moment by its electric counterpart. Hence,

wt g2 HPe? +mict

is valid for induced and spontaneous radiation alike. The following estimates are based on the
dipole approximations (2.30) and (2.31), the tachyon mass m, & 2.15 keV/c?, and the ratio
g*/e* ~ 1.4 x 107! of tachyonic and electric fine structure constants. (The latter are upper
bounds inferred from Lamb shifts in hydrogen and hydrogen-like ions [10].) The peak of the
longitudinal spectral density of a free tachyon gas is located at Shvy.x ~ 2.218; this frequency
also lies, for any temperature, in the bulk of the photon and transversal tachyon distributions.
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Assuming that equilibrium has been reached, we may identify the Ly-« lines of hydrogen
(10.2 eV) with the spectral peak vp,x, corresponding to a temperature of k7 (Vp,x) ~ 4.6 eV.
We thus find w'/wT (V) ~ 1.8 x 10* and wT/wP" (Vpay) A~ 3.0 x 107°. For comparison,
the Ly-«; transition in hydrogenic uranium (vy.x = 0.23 MeV) results in a temperature of
kT (Vimax) ~ 0.1 MeV, so that w" /wT (vnax) 2 3.6 x 107 and wT /wPM (V) & 1.4 x 10711
Clearly, something has to be done to overcome the tiny ratio of the fine structure constants. In
section 4 we invoke Rydberg states to that effect.

3. Transversal and longitudinal ionization cross sections

We study tachyonic photoelectric effect, the ejection of a bound electron into the continuum
by the tachyon absorption. We start with the transition rates [15],

2
~ —'(wmn W)
abs =00 ch Z| abs i l et de
27T1’lk L3 o
~ e Gy /dQ /mcz/h (T )\ 8(wm — Wy + W) kpw, dw,, (3.1

where we replaced the summation over the electronic wave vectors by the continuum limit,
L?*Q27)~3 [ dk,, and used the subluminal dispersion relation, k? = w?2/c* — (mc/h)?, to
obtain dk, = ¢ %k,w, dw, dQ. The occupation numbers ny refer to the incident tachyon
flux, and the absorption rates are readily assembled by means of the transition matrices (2.20)
and (2.22),

g 1 kyon . _ikx 43 ’
dwabs 87‘[2 hel wr dQ ‘f €k AJmn € d’x| , (3.2)
2.2 2
ng m:c” k,w, )
dw L . kK™ Q it ikx d3 , 33
Wabs 872 hd klwy /'0 ¢ * 3.3)

with w, = w,, + w; substituted. The current density of the tachyon flux is v/ L3, with
Vg = 2k /ey, so that the cross sections relate to the absorption rates as

L Wi dw T,L
2k Nk Wyps -

In section 2 and in (3.1)—(3.3), we have denoted the electronic parameters of the final
state, the ejected electron, by a subscript n, such as k, and w,. In the following explicit
calculations, we use a subscript e instead, so that . stands for the wavefunction of the final
electronic state. (When studying Rydberg states in section 4, we use the subscript 7 to label
the principal quantum number of the initial bound state, therefore this change of notation.)
The initial electronic bound state is indicated, throughout this section, by a subscript m or a
subscript zero, if we consider the ground state. The quantities k and wy;, always refer to the
ionizing or, in recombination, emitted tachyon. We content ourselves with the non-relativistic
version of the cross sections (3.4). In fact, the most interesting interaction takes place at the
ionization threshold, where the ejected electron has nearly zero energy, cf section 4. Here, we
discuss ground state ionization in Born and dipole approximations.

We start with the Born (plane wave) approximation. In this limit, the cross sections are
fairly easy to derive, and we study their scaling with the tachyonic and electric fine structure
constants, as well as their dependence on the tachyon mass. The current in (3.2) reads
Jnn = —iqcz(ujVum —uy, Vu}), cf (2.11). The initial bound state u,, is taken as a solution
of the Schrodinger equation in a Coulomb potential, normalized to f lum|> &x ~ 1 / 2mc?),

do ™t =

3.4)



Tachyonic ionization cross sections of hydrogenic systems 2209

cf after (2.11). We approximate hiw,, ~ mc* — E,,, where E,, is the non-relativistic bound
state energy, defined positive. The ionization energy of the ground state is Eg = mc’a% / 2,
where oz ~ Z/137. The final state in the continuum is approximated by a plane wave,
ue ~ (Quwe)~'/2L73/% e which amounts to dropping the Coulomb potential in the wave
equation (2.10) and to using box-integration when normalizing. The criterion for the
applicability of the Born approximation in a Coulomb potential reads oy = Ze?/(4mhc) <
ve/c, where v, is the speed of the ejected electron, v./c <« 1. Thus, £y < mvez/Z,
and we may approximate fiwe &~ mc? + mv?/2 and hke ~ mu.. This is equivalent to
%|V(VB)| = Eg < hwy, with rg :== h/(mcaz) and V as in (2.1), since energy conservation
requires w. = w,, + @y, which allows us to approximate hiw; ~ mvg / 2. This condition,
Ey < hwy, defines a lower bound on the tachyonic frequency for the Born approximation to
be valid, in addition to hwy < mc?.
To obtain the transversal cross section we substitute

Exgmn € 2 V2L 2072 g P ey Ketty, € KTRIX (3.5)

into the absorption rate (3.2). This identlty is valid, up to a divergence, for the transversal
degrees A = 1, 2, and we arrive at
1 g2 .
doy] ~ —4— ﬁ(ek 1ke)? dQ / elkkox gy

which accounts for the ionization by linearly polarized transversal tachyons. To find the
transversal polarization average, we replace e ; jmn in (3.2) by the transversal current j,T,m, cf
(2.24), and multiply dw | by a factor of 1/2. Accordingly, the unpolarized transversal cross
section is obtained by replacing (ex ;ke)? in (3.6) by 1 (k. — Ko(koke))* = k2 sin” 6, where
the tachyonic unit wave vector, kg = k/k, defines the polar axis.

To proceed further, we have to specify the bound state u,,. We consider the simplest

12 e=r/ms The integration in (3.6)

2
. (3.6)

case, the ground state eigenfunction, uy = (271 rémc2 / h)
is readily done,

) 8 1 1 k.k
/140 el(k—ke)x d3x T —1/2 : (1 + 4%) s (37)
B (an mcz/h) ke ke

where we expanded in k/ k. as well as 1/(k.rg). Hence,
sin® f cos? ¢ (

do ~ agh
*  merdkk

1+8k£cosé) dez, (3.8)
where oy = q%/(4mhe) ~ 1.0 x 10713 is the tachyonic fine structure constant, cf after
(2.31). As cos = koke g, we can write ex 3 ke o = sinf cos ¢ in polar angles. The subscript
zeros denote unit vectors, and A labels the two linear polarizations. The Born approximation
and the non-relativistic limit require ke.rg =~ v./(caz) > 1, cf after (3.4). The tachyonic
dispersion relation gives hk ~ &/c, where &> = (mv?/ 2) +m2c*, cf after (2.14). Since
my/m =~ 1/238 < «az, we have v./c > my/m, and thus k/k. =~ 8/(mcve) <« 1, which
justifies the expansions in (3.7). The two energies determining ¢ can be of comparable
magnitude, as illustrated in the example below, after (3.15). The photonic cross section da,{D h
is recovered from (3.8) by dropping the mass term in the tachyonic wave vector k and by
replacing oq — ae.

In the longitudinal absorption rate (3.3), we may approximate p,,, ~ q(w, +we)u,u}, cf
(2.11), to obtain the longitudinal cross section, cf (3.4),

1 ¢ 4 ke
daL'v;Z—nm Sc —dQ‘/um o (kX ) x| (3.9)
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The plane wave approximation is not quite sufficient for the longitudinal radiation, and we
have indicated the first-order correction in oz, satisfying (A + kf) Y, = —2e WHKX [ (g,
Here, an exponential convergence factor has temporarily been inserted into the Coulomb
potential. We multiply this equation with e 9, integrate spatially, and make use of
Jrte i By = 47 (¢® + u?)~! to find, in momentum space,

i@ = : (3.10)
S N e O '
The convention for Fourier transforms is 4 (q) = f Ye(x) e 9 d3x. The wavefunction,

2m)38(q — ko) + gﬁkc (q), is normalized to (27)%8, up to terms of O(a%), like the plane
wave. The Fourier transform of the ground state u, cf before (3.7), is readily obtained via
[e i @3y = 8w u(q* + u*) 2. This is apparently a limit definition, (277)38(q, 1« — 0),
of the §-function, which can be used to approximate the exact Fourier transform
. 87 (27‘[r§mcz/h)_l/2
io(q) = — —3
B (@+rg?)
In this way, a cumbersome convolution can be greatly simplified in the momentum space
representation of the matrix element

-1/2 167 kek

/ ug e (e” X + yt ) dx ~ (2wrimc? [h) o
€ rB o

Here, we have again expanded in k/k. and 1/(k.rg). Substituting this into (3.9), we find the
longitudinal cross section

@3.11)

(3.12)

m[2m63

ral’kkd
where cos 6 = kok. o, as above.

We turn to the extrema of do™"/df dgp. The maximum of the transversal section (3.8)
(with the relativistic k/ k.-correction dropped) and the longitudinal minimum, cf (3.13), occur
at 6T~ 0L~ m/2. The longitudinal maxima are the roots of sinfk = 1/+/3, that
is, 0L~ 0.6155 and = — 6L . Thus the peaks of the longitudinal section (3.13) occur
at scattering angles of 35.3° and 144.7° and have the same height. This clear separation of
the transversal and longitudinal maxima can be used to determine the polarization of tachyon
radiation, in particular to identify longitudinal quanta, even in a flux overwhelmingly photonic.

The angular integrations of the differential cross sections (3.8) and (3.13) can easily be
carried out,

do™ ~ 27a, cos?0dQ2, (3.13)

2’ agh? L 2m agm?mct
ot~ 2L A gl SR (3.14)
3 mrgkle 3 nhirgkle

where ¢ = \/ (m v2 / 2)2 +m?c*. The electronic and tachyonic wave vectors relate to the speed
of the ejected electron as ik, ~ mu, and hk ~ ¢/c, respectively, since the ionization energy
is neglected in the Born approximation. The total photonic cross section oP" is recovered
from the transversal section by dropping the tachyon mass in ¢ and identifying tachyonic with
electric charge. The ratios of the total cross sections read

ol g*m? ol mPm*ct 315
o 2 2 o T AT 3.1
oP er 2e¢ o h'k?

where g2/e?> ~ 1.4 x 107" and m,/m ~ 1/238, cf after (2.31) and (3.8). For instance, if
ve/c & 0.1, we find ¢ &~ mc?/153, so that the transversal, longitudinal and photoelectric
sections compare as o1 /oP? &~ 1.1 x 107" and o /0T &~ 0.71.
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To reach the ionization threshold, we turn to the dipole approximation of the cross sections
(3.2)—(3.4), using the exact eigenfunction of the scattering state. In the absorption rate (3.2),
we substitute the current defined after (3.4) and in (2.11), and expand (i.e. drop) the exponential
in the integral, replacing

Exrmn € & —2igcPuley ; Vity,. (3.16)
We take the ground state eigenfunction u( defined before (3.7) as initial state u,,. The ﬁnal
state is the exact Coulomb wavefunction with the asymptotic limit u, ~ (2w,)~"/2L=3/2 gikex,
which admits the expansion [19-23],

1
T 2Qwe) 2L kg

o0

Z i'Q1+1)e ™ Ry_;(r)Pi(cos ), (3.17)

1=0

Ue

where cosf = k.orp and k. = |ke|. The wavefunctions (3.17) are normalized to
Qw.)"'(2m/L)*8(k — K'). The phase shifts § will not be needed in the following. We
note Py = 1 and P; = cos 8, as well as the radial / = 1 function,

22w | k(1+ kzré) i i )
Rk,l = 3,.}13/2 1_e_zﬂ/(kr3)re 1 F (2+ a,“-, Zlk}"). (3.18)
The orthogonality relation,
4]‘[5,‘1
P;(ex 3x0) P (Ke oro) dS2y, = mPI (ek1ke0), (3.19)

(solid angle integration) leads to selection rules, so that only the / = 1 term in (3.17) is
required. In fact, by means of (3.16), (3.18) and (3.19),
drgc? e o
ek dPx ~ ———— 1,k / uoR: 12 dr, 3.20
/ e Vwckerg L3270 Jo o H0Tk (320
where w, &~ mc?/h, and ug is the ground state normalized as stated before (3.7). The
integration over the confluent hypergeometric function is standard,

o - i D+ g™ (1= ikerg ) ™/
f r3+n dr e—(l/)B—lke)rlFl (2 _ ;; 4; —Ziker> — ( 1”1)7’13,2 ( 1 erB>
o kers (1 + kgré) 1 +ikerp

R 4 2ikerp >

kerp . ikerg ’
where , F| on the right-hand side is a polynomial of order n. We put n = 0, and assemble the
cross sections (3.4) via (3.2), (3.20), (3.18) and (3.21) as

207 aghb(kerg)
q—eB3(€k,Ake,O)2 de, b(x) :=
mck(l + kgré)

Here, « is the tachyonic fine structure constant defined after (3.8), and the exponential
containing the arctan is just the square of the factor with the imaginary exponent on
the right-hand side of (3.21), 2iarctanx = log((1 + ix)/(1 — ix)). Principal values are
implied, 0 < arctan < 7/2, and b(x) admits the expansions e *(1 + 4x?/3 + ---) and
(2m)~'x(1 — /x +- - -). The tachyonic energy /iw accounts for the ionization energy E, and
the kinetic energy E. = 7i*k2 /(2m) of the ejected electron, so that hw/Eo = 1+ k2r}, where
Ey = h? / (Zmré). The tachyonic dispersion relation reads chk = / (hw)? + (mc?)?, cf after
(2.14). Hence,

X (1 — ikerB)_”zFl <—I’l, 2 (321)

do; N exp(—4arctan x/x)

1 —exp(=2m/x) (3-22)

27notqr§ Egb(kerB)

(hw)3/ (hw)? + (mc?)?

do, ~ (exKe0)? dQ2. (3.23)
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The Born approximation (3.8) is recovered in the limit kerg > 1, if we puthw/Ey ~ k2rj and
expand b(x); only the small relativistic correction o k/ k. escapes in the dipole approximation.

We turn to the longitudinal cross section (3.4), expand the exponential in (3.3) to first
order, and replace p,,, ek ~ 2iwequiu,,kx. (The zeroth order vanishes, as the bound states
are orthogonal to the continuous spectrum.) We take the ground state ug as initial state u,,,
and the final state u. expanded as in (3.17). We thus find, by means of (3.19),

/p ok Py A 21q/2wek e
" kerBL3/2
where k. ¢ and ko denote the electronic and tachyonic unit wave vectors. The integration
is again standard, via (3.21) with n = 1. (On the right-hand side of (3.21), this amounts
to putting n = 0 and to add a factor of 2rg(1 + kgré)’l.) The longitudinal section (3.4) is
assembled by substituting (3.24) together with (3.18) and (3.21) into the transition rate (3.3),

8 3,24

L~ Mb(ker]g)(kokw)z de. (3.25)
h k(l + kgré)

The factor b(x) is defined in (3.22), and we may rewrite this as, cf (3.23),

27 2.2 4E4b k
Lo 2T € BobRers) b 0 g0 (3.26)

(hw)’/ (hw)? + (mc?)?
In the limit k.rg > 1, we recover the Born approximation (3.13), cf after (3.23). The angular
parametrization in the differential sections (3.23) and (3.26) can be chosen as in (3.8) and
(3.13). Thus the total cross sections o' are obtained by replacing (e ke 0)? dS2 in (3.23)
and (koke,o)2 d2in (3.26) by a factor 477 /3. At the ionization threshold, in the limitiw — Ej,
2

o0
koke,o/ MORZ.173 dr, (3.24)
0

9_2 2 9.2 2 2
oT ~ 2°m agrgEo oL 2°m agrg (mec”)

4 ) ~ 7 ,
3e  E2+ (mic?)? 3e Eoy E} + (mc?)?

where e ~ 2.718 and E/(m.c?) ~ Z?/158, cf after (2.31) and (3.8). This limit is studied
in greater detail for Rydberg states in section 4. The electromagnetic counterpart to the
transversal section is obtained by replacing oy — «. and putting the tachyon mass to zero,
like in Born approximation.

Finally, the tachyonic recombination cross sections are found by balancing emission and
absorption rates, o1 = 2(k/ke)*0T and ok, = (k/ke)?o", reflecting the symmetry of the
Einstein coefficients in (2.23)—(2.26). The factor of 2 is the weight of two transversal degrees,
and this symmetry extends as it stands to all s-states. More explicitly,

(3.27)

T h*w? +m2ct ol ok = n’o? + mtzc“UL, (3.28)

2mc?E.
where E. and fio = (1 + k2r})E are the energies of the incident electron and the emitted
tachyon. These relations apply to both limits, Born and dipole, of course. The recombination
cross sections refer to electron capture in the empty K-shell, irrespective of the spin. The
ionization cross sections oL refer to a single electron in the K-shell. At the ionization
threshold, we find the ratio o /o™ ~ mtzc“/Eg ~ 2.5 x 10*/Z*, as well as

ot ¢? mc? ok, 1 (mtzc4 ) ot
o & BT+ (Eo/mc)? ok 2\ Ej o
In the case of low charge numbers, (Z2/158)2 & 1, cf after (3.27), we estimate o /oP" ~
2.2 x 1077/Z? and UI.]gc/arelé A 2.76 x 107>/ Z5. These ratios are not very promising yet, but
can be greatly improved by replacing the ground state by a highly excited s-state, as is done

in the next section.

Urec -

mc?E.

(3.29)
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4. Tachyonic ionization of Rydberg states

We derive the tachyonic ionization cross sections of hydrogenic Rydberg states with zero

angular momentum, s-states,
Ro(r) 1 2r 4.1)
no\r) = -
0 T (rgn)3/2 "\ rgn

wn = 2me? /1) 72 Ruo(r),
with 7 in the range 10°~10° and beyond [19-23]. The L (x) are Laguerre polynomials,
Ly (x) = land L'”, (x) = n1 F(1 — n; 2; x). The normalization is 47 [~ R2 (r)r>dr = 1,
which follows from the orthogonality relation,

—r/am L ()
-L,”

n

o0
/ L)LY (rye " r*dr = 8 D@ +n+1)/T(n+1), 4.2)
0

and the recursion relation L = L@ — LY Hence, [ L"(r) e r>dr = 20 and
I L2 (r)e"r3 dr = 663, so that the radial expectation value reads [19]

o0
(r) =4x / Riy(r)r’ dr = 3rgn®, 4.3)
0

where rgn? is the semiclassical orbital radius.

The Born approximation of the ground state cross sections can easily be generalized
to excited s-states; we only indicate the alterations in the formulae of section 3 to that
effect. We take u, in (4.1) as the initial state, which replaces u,, or ug in section 3. The
integral [ u, e ® %X d3x, cf (3.7), is calculated via the Fourier transform

. 2i(—)" /mren _ 1 — ikrgn
Fr(k) := [ Rype ™ dx = —— Y —_(y" —y™"), =—_— 4.4
R(E) / o = S T ) O Y YT X ikrgn 44
where we used,
n+l..2 .3
/oo L0 (2 e, g, _ Myn, 4.5)
o "'\rgn 1 + (krgn)?

We substitute k — k — k. into (4.4), and expand in k/k. < 1, so that |k — k.| =
ke(1 — (k/ke)cosB), as well as in 1/(k.rgn), arriving at a slightly changed equation (3.7).
On the left-hand side of (3.7), uy is replaced by u,,, and on the right-hand side we rescale the
Bohr radius, rg — rgn, and add a factor of n. We thus have to multiply the transversal cross
section (3.8) by a factor of n? and to replace the Bohr radius by rgn, which results in an overall
rescaling by n=3.

We turn to the longitudinal cross section. The generalization of the Fourier transform
(3.11) is 2mc*/h)~ 2 Fr(k), cf (4.4). The matrix element (3.12) is calculated in Fourier
space, with u, in (4.1), via [ uju, e®™ d*x = (27)73 [ 2%(q)22(q — k) d*g; the convention
for Fourier transforms is it = f ue 9 @3 x. We find, cf (3.12),

ikx [ —ikex * _ Fr(lq — k) lﬁke(q)
I A TE R (TSR e K e

where v7;_ is defined in (3.10). In the Fry/-term on the right-hand side, we approximate Fy
by a §-function,

v ren)? Fr(lal) — (27)*8 (@), @7
applicable for large rgn. (Itis easy to see that (4.7) is a limit definition of the Dirac function, by
means of the real space representation (4.4), the 1/(rgn)-scaling of the Laguerre polynomial
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in (4.1), and the normalization Lfllll(O) = n.) The integrations in (4.6) are trivial, and
we subsequently perform the approximations pointed out after (4.5), that is, expansions in
k/ke < 1 and 1/(kergn) < 1. We arrive at (3.12), with the right-hand side multiplied by n
and rp replaced by rgn, which amounts to an overall rescaling by n =32, On the left-hand side
of (3.12), the only change is uy — u,, cf (4.1). The longitudinal cross section (3.13) is thus
recovered, rescaled by a factor of n=3, like the transversal section discussed above.

As for the recombination cross sections, identities (3.28) apply to any principal quantum
number as long as the electron gets caught in an s-state. Energy conservation implies
how = (1 + (kergn)*)E,, where E, = h®/(2mrn?) is the ionization energy of the nth
level, so that E,[Ry] = Z2?/n® with 2Ry = 27.21 eV, and o is the excess energy carried by
the emitted tachyon. Here, rg = 1/(mcay) is the ground state Bohr radius with oz ~ Z /137
as defined before (3.5), and mc> &~ 158 Ry, cf (3.27). In Born approximation, k.rgn > 1,
we may neglect the ionization energy and approximate iiw ~ E. in (3.28). Moreover, the
n~3-scaling of the cross sections also applies to small n, and capture in s-states is always
dominant [22, 23]. The total recombination cross sections, obtained by summation over all
s-states, are thus given by (3.28), with (3.14) substituted and multiplied by ¢(3) ~ 1.202.

The dipole approximation is harder to deal with, but it gives access to the ionization
threshold, which is the most likely place in momentum space to find superluminal quanta, cf
the discussion after (4.31). We again take the calculation of the ground state cross sections
as the starting point, and proceed by pointing out the modifications required by excited
s-states. The technical changes needed for large quantum numbers get quite extensive, due to
the high-order polynomials occurring in the matrix elements; asymptotic approximations to
these polynomials are derived in the appendix.

We start with the transversal matrix element, f ek admn d3x, cf (3.20). In the integral
on the right-hand side of (3.20), we have to replace ug by —rgu,,, cf (3.16), where we use
VR,o = R/,ro when replacing the initial state u,, by u, in (4.1). In the longitudinal element
(3.24), we just have to replace ug by u, to obtain the dipole approximation of f Omn €F¥ d3x.
These matrix elements, (3.20) and (3.24) (with the indicated changes), can be reduced to
integrals [24]

o0
/ r3dr e~ tsm=ikor B (- 4. 2r/(rgn))1 F1(2 — ip; 4; —2iker)
0

6(rgn)*(—)"

= —— L " (m, 2 —ip; 41— y?), 4.8
I+ G2 2 1(m ip y9) (4.8)
with (negative) integer m. Here, we have introduced the shortcuts,

_ 1 —ik.rgn 2 4ik.rgn 1
YT U +ikergn)? = ks

y (4.9)

T 1 +ikergn’

These integrals are real; to see this, we putz = 1 — y2 and note the symmetries z* = z/(z — 1)
and y* = y~!, as well as

2Fi(m, B;4;2) = (1 —2) 7" Fi(m,4— B;4;7/(z — 1)). (4.10)

Moreover, y"~10 = e-2(+marctan(n/p) " with real o and principal values like in (3.22); the
expansions of arctan x read x — x>/3 +---and /2 — 1/x + - - - . For the integrals (4.8) to be
applicable, we first have to express the Laguerre polynomials occurring in the matrix elements
(4.17) and (4.19) in terms of L,(f), and then use

LY (x) = Lk +3)(k +2)(k + 1)y Fi(—k; 4; x), (4.11)



Tachyonic ionization cross sections of hydrogenic systems 2215

where k > —3. The polynomial Lflljl and its derivative, dellZl/dx = —Lflzjz, as well as
xL,(ll_)l, can be written as linear combinations of L,(f), by means of two recursion relations.

One was indicated after (4.2) and gives
(1 3) 3) 3) @) 4) ) 4
L”71 = Lnfl - 2Ln72 + Ln73 = Lnfl - 3Ln72 + 3L”73 - Ln74’ (4 12)
(D 3) 3) ’
dLnfl/dx = _(Lan - Ln73)'

The second type of recursion needed is x LD = (n+a + )L™ — (n + DLS?U
in combination with (4.12),

xLP = —n(LY —4LY +6LY, — 4L+ LY)). (4.13)

which gives,

‘We use the shortcut,
Fpi=2Fi(m.2—ipi4 1=y, p=1/(kes), (4.14)
and the hypergeometric contiguous relations [24],

(n—2y*Fs_, = —(n+2)Fi_, +[(n —ip)y* + (n +ip)| Fr_,,

n+3)F_, =[n+1—ip)y*+ m+1+ip)|Fi_p — (1 — D)y*Fr_,. (4.15)
By iterating the first identity (with n and n — 1), we find
(n=2)(n=3)y* Fy_y=—m+)[(n—1—ip)y* + (n — 1 +ip)]Fi_,

+[agy* + (n* —n+2+2p%)y* +aol Faey, (4.16)

where ap := (n+1ip)(n — 1 +1ip). The subsequent matrix elements are linear combinations of
F,_, and F,_,, which are polynomials for negative integer index.
The transversal element (3.20) (with the modification explained before (4.8)) reads

2, /2K (1+k2r})

3ran’2/1 —e~27p

o0
T.__ / * 2 _
R ._/0 Rn’ORke’lr dr = —

xf r3dre_(l/(’B”)_‘ke)’(Lf_)l—Lf?_)S)( r)lFl(Z—ip;4; —2iker), 4.17)

0 rgn
where we made use of (4.12). The radial wavefunctions R, o and Ry, are defined in (4.1) and
(3.18), respectively. By virtue of (4.11) and (4.8)

R'=AQn(n+2)F_,+(n—1)pF,),

p = (—n+ip)y> — (n+ip) = 2n(p”> +n*)(p +in) 2,

f 2rpy/ 2k (1 + k2r) (=)t n3/2yl=n=ip p—in
T3 (+Gesm? O p+in

where F,, is defined in (4.14), y in (4.9), and p = 1/(k.rg). After the integration (4.8), we

used the first recursion relation in (4.15).
The longitudinal matrix element (3.24) is modified as explained before (4.8),

(4.18)

2k (1+K2r2)
3rgn32y/1 —e=27r

o0 o 2 2
x/ r3dre—“/“B")-'ke)’—rL;Z( r)lFl(Z—i,o;4; “iker).  (4.19)
0

rgn rgn

(o]
R" :=/ Ry oR; r’dr =
0
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Here, we substitute (4.13), and perform the integration by means of (4.11) and (4.8). We then
employ the recursion relations (4.15) and (4.16) to arrive at

L rénzA
R~ =— 2 (n+2)q1 Fi_y+ (n — DgaFr_y),

g1 :=22n —ip)y> +8ny +2(2n +ip) = 8np*(p +in) 2,
¢ = ajyt +4n(n —ip)y’ +23n* + n + pP)y* +4n(n +ip)y +ao
= 8np*(p*> +n?)(p +in) ™4, (4.20)

where A, y and F,, are defined in (4.18) and (4.14), and ay in (4.16).

Approximations of the hypergeometric polynomials F;_, and F,_, are indispensable
even for moderate 7, as demonstrated by the exponential in (4.22). The hypergeometric F,, in
(4.14) contracts to a confluent function in the limit p — oo (with the other parameters fixed),
according to the limit definition , F)(a, b; c; z/b) — 1Fi(a; c; z) for |b| — oo. Hence,
F,, — 1Fi(m;4;4n), for fixed m and n, since 1 — y2 ~ din/p if n/p < 1. We do not
need uniformity here, as no further integrations are necessary to find the cross sections. The
confluent hypergeometric function so obtained is a Laguerre polynomial, cf (4.11). Performing
the limit p — oo in the matrix elements (4.18) and (4.20), we find

R" ~ 124+ D)"Y (LY (4n) + LY, 4n)), 421
RY ~ —2rZn’R", A~ (223 gkl (—)'n? 2 e, '

The exponential in A, cf (4.18), stems from the expansion of the arctan stated after (4.10). An
Airy approximation of Laguerre polynomials was derived in [25], from which we infer,

L® @n)+ L%, (4n) = 2Py e (1+0(mn27y) (4.22)
n-l n-2 8 x 3137 (1/3)n?/3 ’ ’
Hence, in the limit p — oo and for large n,
25/6 kl/Z —1/6
T _%, (4.23)

31530(1/3)

and R follows from (4.21).

The opposite limit, p < 1, with n fixed, can be settled by the ascending series expansion
of the hypergeometric functions in (4.18) and (4.20), since 1 — y> ~ —4ip/n. In leading
order, it is sufficient to put F;_, ~ F,_, ~ 1 in the matrix elements, so that

RT ~ —4g=1P2pgkl 2 p32n =312 RY ~ 871253k 2 p2Pn =32 (4.24)

In the approximations (4.21) and (4.24), there is no expansion in the quantum number n
involved. In (4.24), the asymptotics is based on p < 1, so that higher orders can be obtained
from the hypergeometric series. In (4.21), the limit p — o0 is actually carried out.

The limit p/n < 1 with p > 1 and the limitn/p < 1 with n >> 1 amount to asymptotic
expansions of the hypergeometric polynomials in (4.18) and (4.20) with two large parameters.
The steepest descent approximation of R for large but finite p and # is derived in the
appendix, cf (A.27) and (A.28). The squared matrix elements read

2553 r2 kst X RLP — 21538k Par) X

IR"? = , = :
323T2(1/3)n3(1 +a2)) 32372(1/3) (1 + 02"

(4.25)
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where the ratio oo, := p/n is kept fixed, and
2587 (1/3)/ oo + /02, + 4
31T (2/3) @toem) V5 (1 + 02,)

228T2(1/3)/ak +4 +OM12, )1,
323T2(2/3) (o) 3 (1 +a2) "’

X =1+

(4.26)

In the limit ooy — 00, we recover RT'F in (4.23) and (4.21), including the next two orders.
(The asymptotics in the appendix is not really designed for this, nevertheless this limit can
be carried out in the matrix elements.) Expansion (4.26) is also valid for small o, provided
P = ton stays large.

We turn to the cross sections. The squared current matrix elements in (3.2) are compiled
from (3.20), and the elements (3.3) of the charge density are obtained from (3.24), both
modified as explained before (4.8),

2 313
. 16 °ah’c
‘/ €k, Jmn elkx d3x ~

3,222
Lm*rgk?
’/,0 e d3x
mn

2 167'r3athk2
L3r3k2
The matrix elements RTL are stated in (4.18) and (4.20), in terms of hypergeometric
polynomials, and « is the tachyonic fine structure constant, cf (3.8). We thus arrive at,
cf (3.2)-(3.4),

IRT | (ex 1ke.0)?,

(4.27)
|RY|* (Koke.0)*.

2magh
doy ~ IR (ek 1 ke 0)? AL,
5 (4.28)

2o cmim
R (koke,0)” dR2.
R rakek

2
mcrgkek

dot ~

In the following, we study limit cases, based on the approximations (4.21)—(4.26) of RT:L,

First, as a consistency check, we recover from (4.18)—(4.24) the cross sections previously
derived. We invoke energy conservation at the nth level, cf after (4.7), as well as the tachyonic
dispersion relation stated before (3.23). The limit p — oo with n = 1 in (4.21) can be traced
back to the ground state ionization cross sections (3.22) and (3.25), if we replace there b(k.rp)
by its limit value e*. The Born approximation, the limit p — 0 with arbitrary 7, is recovered
from (4.24). (The transversal section was derived in (3.8) for ground state ionization, and
its n3-scaling for general s-states is explained after (4.5). The n3-scaling of the longitudinal
section (3.13) was derived after (4.7).) Finally, the cross sections (4.28) forn = 1 and arbitrary
p can directly be obtained from R™! in (4.18) and (4.20), since Fy = 1 and F; drops out. In
this way, the ground state ionization (3.22) and (3.25) is recovered for finite p.

The matrix elements R™'" in (4.18) and (4.20) are polynomials and can be used in the
cross sections (4.28) without approximations, as long as the quantum number n stays small.
Rydberg states do not qualify in this respect, cf the exponential in (4.22), which takes us to the
most interesting limit, p — oo and n > 1, cf (4.23), accounting for highly excited states just
ionized so that the ejected electron is free, but barely so, with zero momentum. In this limit,
at the ionization threshold, the cross sections (4.28) simplify to

T koogh®(ex ;1 Ke ) dQ 22345

d ’ := N9 R10 71 AN 120
o ) + () REEE VO I

(4.29)
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26 ioargi (Koke o) A2 1 ’
ol ~ mtg Kootqh” (Koke,0) ’ — = 4(an)4m—4. (4.30)
EL my/(hw)? + (mc?)? E, f

This is the leading order, the two next-to-leading orders are obtained by adding the factor X
in (4.26) with as, = 0o. This limit smoothly extends to finite electron energy, p > 1, by a
rescaling of the constant «y in the cross sections

8/3 4
T._ % = e T 4.31)
(1 +ozgc) (1 +ozgo)

which means to replace kg in (4.29) by «T and in (4.30) by k. The factors « 'L can be read
off from the squared RT'Y in (4.25), where aoe = p/n and X stands for expansion (4.26).
The applicability of cross sections (4.29)—(4.31) hinges upon p = 1/(k.rg) > 1, which is
tantamount to £, < E,—, where E, = h2k62 / (2m) is the energy of the ejected electron and
E,_, is the ground state ionization energy, cf after (4.7).

Cross sections (4.29) and (4.30) account for ionization in the limit p — oo, n > 1.
This limit, the ionization threshold, is of crucial importance for the detection of longitudinal
radiation, as the longitudinal section overpowers the transversal one due to the n-scaled Bohr
radius, cf (4.30). We show that the resulting n*-factor in the longitudinal section has a marked
impact on the ionization at Rydberg levels of order n &~ 10°, as it counteracts the very small
ratio of tachyonic and electric fine structure constants in the cross section ratios. The total cross
sections o 'L are obtained by replacing (ex ; ke 0)? dQ and (Koke o) dS2 in (4.29) and (4.30)
by a factor of 47 /3. The total photonic cross section oP! is recovered from the transversal
section in the limit of zero tachyon mass, by identifying tachyonic with electric charge as
was done in (3.15). We note the ratio of the tachyonic and electric fine structure constants,
g?/e* ~ 1.4 x 1071, as well as the tachyon—electron mass ratio, m./m =~ 1/238, cf after
(2.31) and (3.8). The cross section ratios, based on (4.29) and (4.30), read accordingly,

ol mict gnt ol ¢Pme
~ ~25x 10" = ~

ol  E2 VAN oPh 2 E,

2 I’l2
~ 2.2 X 10—9?. (4.32)

These ratios only apply at the ionization threshold, k. = 0, but can easily be extended to finite
electronic momentum, k. << 1/rg, by virtue of, cf (4.31),
< : _ L (4.33)
€T (Lt (kergn)®)?  Wo?’
where E, is the ionization energy at the nth level, cf after (4.7). Subject to this relation, the
ratios (4.32) extend to finite k. as

om0 amE (4.34)
o  h? o ¢ ho
where the tachyonic energy w (k., n) is determined by the second equality in (4.33).
The velocity of the ionizing tachyon, inferred from
2
Ep+ Ee = ——= (4.35)

Ju2jet =1

is another reason why cross sections (4.29) and (4.30) are of special interest. The energetically
minimal ionization of Rydberg states at the threshold E. = 0 (in practice, for E, <« E, or
ke < 1/(rgn), cf after (4.31)) is effected by very speedy tachyons,

2

v omc? N n
~ 1585 (4.36)

— ~

c E,
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This, together with the cross section ratio o/o P in (4.32), makes Rydberg states a serious
contender for the detection of the longitudinal radiation. Moreover, as pointed out after (3.13),
the angular extrema of the transversal and longitudinal differential sections can be used to
discriminate photons and longitudinal tachyons. The angular parametrization of the ground
state sections, cf after (3.8) and (3.13), also applies to cross sections (4.28)—(4.30).

Another striking result relates to recombination at the ionization threshold. The identities
(3.28) connecting ionization and recombination cross sections remain valid for angular
independent excited states. On the basis of ionization ratios (4.32),

L 2.4 L 6
o~ T 276X 107 2, (4.37)

ph 2 ~ph
Orec 2En o

so that already at n ~ 10 (and low Z) recombination with thermal electrons is more likely to
be accompanied by the emission of longitudinal quanta than photons. The reverse process,
ionization, can be used to detect this radiation directly, though in this case quantum numbers
of order n ~ 10* are needed to achieve a moderate o™ /o P! ratio.

5. Conclusion

We have given a quantitative discussion of radiative transitions effected by superluminal
quanta. Induced and spontaneous transitions between hydrogenic bound states, as well as
tachyonic ionization and recombination cross sections, were investigated. The subluminal
particles were treated as scalar and mostly non-relativistic, but the tachyonic 4-potential can
also be coupled to Dirac spinors by minimal substitution, similarly as done in section 2 for
the Klein—Gordon field [18]. As for relativistic ejection energies, the longitudinal relativistic
cross section needs to be calculated from scratch, but the transversal section is obtained by a
simple rescaling of the relativistic photonic cross section. In fact, the only change necessary
for tachyonic y-rays [26] or even high-energy x-rays is a rescaling with the ratio «/cte of
the tachyonic and electric fine structure constants, since the tachyon mass drops out in the
dispersion relation at y -ray energies. We have already seen this rescaling in section 3, though
we were mainly interested in the effect of the tachyon mass in the low-energy, soft x-ray regime,
where the tachyon mass dominates the shape of the transversal section. The longitudinal cross
section, however, depends in any regime on the tachyon mass and vanishes in the zero-mass
limit [27].

The angular dependence of cross sections is perhaps the most practical means to
disentangle transversal and longitudinal radiation. This has been demonstrated here with
ionization cross sections, where the transversal angular maximum corresponds to the
longitudinal minimum. One may expect that the differential cross sections of tachyonic
Compton scattering can also be used to that effect; there should be a transversal and longitudinal
tachyonic counterpart to the Klein—Nishina formula, pertinent to the acceleration of the electron
by the incoming tachyonic wave field, triggering electromagnetic radiation. The tachyonic
Thomson cross section, the non-relativistic classical limit, was already derived in [14], but a
quantum mechanical version is still lacking, especially if the incident tachyonic x-rays have
energies close to the tachyon mass. Another interesting cross section to be scrutinized is the
conversion of tachyonic y-rays into electron—positron pairs. Pair production by tachyons has
not been studied in any limit and context as yet, e.g. in a Coulomb potential or strong magnetic
field. I surmise that the cross section for the conversion of transversal tachyonic y -rays is just
the Bethe—Heitler cross section rescaled with the ratio cq /o, as above.

Other mechanisms for the detection of longitudinal radiation modes have been suggested
with respect to a finite photon mass (i.e. a positive mass-squared), such as a capacitor in a
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perfectly conducting shell, impenetrable for transversal waves [9]. This line of reasoning,
focused on macroscopic current distributions, is unlikely to be applicable to tachyons. At
least, there is no obvious tachyonic counterpart to a perfectly conducting shell or the skin
depth of a conductor, or even to a macroscopic charge density, due to averaging effects caused
by periodic sign changes of the tachyon potential [10].

The decisive advantage of Rydberg states is the n-scaling of the longitudinal cross section,
which counteracts the very small ratio of electric and tachyonic fine structure constants. In
recombination, at the ionization threshold, that is, for the capture of very low energy thermal
electrons, the tachyonic emission is overwhelmingly longitudinal, and it already starts to
outpace electromagnetic emission at n ~ 10, provided the charge number is kept low. A
more direct detection mechanism is longitudinal ionization, where the cross section starts to
compete with the electromagnetic counterpart at about n ~ 10*, cf (4.32). Up to now, there
is interstellar and increasingly laboratory evidence for Rydberg states of one order less [21].
The angular variation of the ionization cross sections is the same for all s-states, irrespectively
of the quantum number. It is, however, strongly affected by the polarization of the ionizing
radiation and can be used to distinguish longitudinal tachyons from photons.

Acknowledgments

The author acknowledges the support of the Japan Society for the Promotion of Science. The
hospitality and stimulating atmosphere of the Centre for Nonlinear Dynamics, Bharathidasan
University, Trichy, and the Institute of Mathematical Sciences, Chennai, are also gratefully
acknowledged.

Appendix: Asymptotics of high-order hypergeometric polynomials

The matrix elements (4.18) and (4.20) are composed of hypergeometric polynomials depending
on two large parameters. We derive asymptotic approximations in steepest descent, based on
the integral representation [28, 29],
F(C)(l _ e—27tia)—l % . it o
Fi(a,b;c;2) = A =0T (1 =)0 de, Al

2Fi(a, b;c; 2) F@Trc—a) d—=0 (I—12) (A.D)
where c is integer, and the integration path is taken as an anticlockwise loop encircling the
points + = 0 and t+ = 1 and excluding + = 1/z. (This can be checked by expanding in z
and invoking a standard integral representation of the B-function.) We study a special case
where the parameters @ and b get simultaneously large, that is, linear combinations of the
hypergeometric polynomials, cf (4.14),

F, =2 F (m.2 —ip: 4: 2) Ainp
= m, — 1054 2), = """
m 21 P (p+in)?

(A.2)
where p > 1 (real) and m = k — n, with k = 1, 2 (or at least k < n) and integer n > 1. The
goal is to find a workable approximation of these high-order polynomials, for large n and p,
keeping the ratio oo, = p/n fixed.

To this end, we reparametrize (A.2), defining & by 2 —ip = iw(k — n), so that ¢ — o
for n, p — oo. The argument z in the hypergeometric function can be expanded in the small
parameter ¢ defined by

ak +2i p+2i (A3)
= [————, =—, .
na(l+a?) -
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where Re ¢ > 0,
—4ia ) . 2 2. .
7= —[1—e"(1+ix) (1 — i +iax) +---)]. (A4)
(1 —ix)?

We always assume n > 1 and p >> 1, but we will not make any assumption about the size
of the ratio aoo = p/n. If o is moderate or large, the actual expansion in (A.4) (and in the
subsequent asymptotics) is in aooe ~ n71/%; if ooy K 1, the expansion parameteris & ~ p~/2
By definition, ¢ is small if p and n are both large, irrespectively of their ratio oy, (which is
kept fixed), and o€ is small even if o, is large.

In (A.1), we identifya =2 —ipand b = k —n,

3e™” - ;
Fopy=m ——— ?{ 1701 = P (1 = tz)" R dr, (A.5)
mp(l+p?)
and split the integrand into a fast and a slowly varying factor, e"'°¢ /) g (1), where
fO =0 =" -r2).,  gn)=r""A =071 —rr)7h (A.6)

The saddle point is found by solving f’(ty) = 0 or 1 — toz = iza~'t(1 — 1y),

2
fo = %(1 — i) [1 —i(1 +ix)e (1 + %) + 0(84)] , (A7)

with Re e > 0. (There is a second solution obtained by changing the sign of ¢, but only #; is a
saddle point.) We expand,

log f(1) =log fo+ @t —to)+---. () =3 f'/fo+ 50 f"/ fo. (A8)
where the subscript zeros indicate the argument taken at #,

. 1 +ia . . 4
log fo = (1 +ix) log I 2ia (1 +ix)e” + O(e™),
_0” _a(l —ia —21)  —l6ae

= = +0(?),
fo R —1) Tvaz 706D (A-9)
fLW _ —2ia(1 +3()l2 —3t(1 — 1)) _ —32ia +0C).
fo ty (1 —19)? (1+a?)?
We also expand g (), and perform the limit ¢ — 0 in this slowly varying factor,

(1 +i0)? [ 1+ie ' HH® [ dia —8

8o = - , g0 _ - (A.10)
4 1 — i« g l+o

Only the zeroth order, go, turns out to be significant, but g(/) is needed for the error estimate.
Later we will also study certain linear combinations where the first order gives the dominant
contribution, since the zeroth order of the slowly varying factor vanishes for ¢ — 0, cf (A.19).

We introduce a new integration variable, t = x + &, with & = (ie/2)(1 + o?), to remove
the quadratic term in ¢(¢), cf (A.8),

16inax?
3(1 +a?)?’
The saddle point #; lies in the lower half-plane, and the integration path in (A.1) is taken
anticlockwise. Extending the path through the saddle point to infinity, we arrive at

3P f1 +00 ’
F_, ~ M/ ene(x+8) (1 +0 <&x>> dx. (A.12)

77/)3 oo 80

4 2.3 : 2
ne(t) = gna(l +a°)e” —dinae“x — (A.11)

This can be reduced to Airy functions, by virtue of

" exp(itax 4 by dr = T ai ° (A.13)
P = GnA T\ Gn) A '
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and its a-derivative (needed for the error term). Analytic continuation is implied, both in a
and b, choosing (—b)'/> = —b'/3 if necessary. (One may view this as a distribution, a limit
definition, b — 0, of the Dirac function 27 §(a), though we use it with finite b.) Hence,

3e™(1+a?)?

ko N gy S0 IAIG) + OGAI G (A.14)

223 (ak +2i)
— 242/3 2/3,2 _

A= +a)7 Qan)’ e = ST O (A.15)
with @ and ¢ defined in (A.3). This expansion applies in the limit n, p — oo, with the fixed
but otherwise arbitrary ratio «o, = p/n. Finally, we note the ascending series of the Airy
function

1+A3/6
3231(2/3)  313T(1/3)

and conclude that only the zeroth order of Ai(}) is significant in (A.14), so that we can replace
the Airy function and the error term by (3%/3*I"(2/3)) ™' + O(%).

Ai()) = +0(Y, (A.16)

Remark. There is another way to derive (A.14), based on the opposite identification made
in (A.5). That is, we interchange the first two parameters in Fj_,, by choosing b = 2 — ip
and a = k — n in (A.1). For negative integer a, one of the I"-functions in (A.1) gets singular,
but this can be settled by replacing k — k + § and expanding in §, to make the coefficient in
front of the loop integral well defined. The integrand is not affected by that. We thus find, as
a counterpart to (A.5), the representation

B 3i(_)n—k+l f[k_n_l(l _ t)3—k+n(1 _ lZ)_2+ip dr
- nn—k+3)(n—k+2)(n —k+1) '

The integration loop is again anticlockwise encircling the interval [0, 1], with 1/z excluded.
We write k —n = (2 — ip)/(i), and factorize the integrand as e 12/ g(¢), where

() =170 1 — i —tz), g(t) = 71 — )32 (1 —17)72 (A1)

Fk—n

(A.17)

This is an alternative starting point for the steepest descent, equivalent to (A.5) and (A.6) as
long as o is kept constant, which can be used as a consistency check.

We turn to the hypergeometric aggregates in section 4,

1 +ios

Hk,n = kan - Fk+lfnv (A19)

1 — i

which arise in the leading order of the 1/n-expansion of (4.18) and (4.20), cf (A.27). To relate
this to the foregoing discussion, we consider F;_,, cf (A.2), with integer /, and note that the
argument z in (A.2) does not depend on k or /, nor does the e-expansion of z in (A.4), even
though ¢ depends on k. We split the integrand defining F;_, according to (A.5) (k — [) into
a fast and slowly varying part, e"1°¢/ W g(¢)(1 — tz)¥~!, where f(¢) and g(¢) are defined in
(A.6). Identifying / = k + 1, we find

3e7P 1+i 1
Hip ~ = % o2 fOp 1) dy, h(t) = (1 _ e )g(t). (A.20)
TP l —ias 1 — 12

The saddle point formulae derived in (A.7)—(A.9), (A.11) and (A.13) remain unchanged, and
(A.10) is replaced by

ho := h(ty) =~ 20080, hy ~

80 (A21)
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with g¢ in (A.10). We thus find, analogously to (A.14),

e (1+a2)?

~ nlog fo
Hy Qo) 33 8¢
P AVD) AiG) +0 [ S lEH (A22)
0o Al — ), .
(1 +ozgo)1/3 (otoon)1/3 |ook + 2i]

where A is defined in (A.15) and log fy in (A.9). Here, we may approximate, cf (A.16) and
the error term in (A.22), Ai'(A) ~ —(3'/3T'(1/3))~! and Ai(A) =~ (32°T"(2/3))"".

The asymptotic formula (A.14) for Fj_, as well as (A.22) can be further simplified by
systematically expanding in 1/n. We start with (A.3),

Ol:otoo(l+lc/n+0(n—2))7 K::k+2i/a007 (A23)
e =k"2(1+a2)"2n2(1 + O /n)), '
and note the 1/n-expansion of log fj in (A.9),
. L+i
log fo = (1 it + 1“°°K) log — %% 4 O(n~2). (A24)
n 1 —ias

Since a is positive, we can identify the logarithm with 2i arctan «o,. As for gy in (A.10), we
may there simply replace « by @, up to terms of O(1/n). The final form of (A.14) is thus:

3153(1+a2) (1 + e
AT (2/3) (@) 07
x exp[2i(n(1 +ias) — (k + 1)) arctan oo ] (1 + O(R)), (A.25)

Fk—n%

exp(Tnas)

where A oc n7!/3 defines the error term, cf (A.15). The analogous expansion of the aggregates
(A.22) reads

3235 (1 +02) (1 +iasy)?
Hk n ~
| 2L (1/3) (o)1

exp(Tnas)

x exp[2i(n(1 +ixe) — (k + 1)) arctan oo |
218317 (1/3) A/ otock + 2i
w14 (1/3)v/asck +2i 1/6_'_0(”—1/2’/0—1/2) 7
31/3F(2/3)(aoon)1/6(1 + ozgo)

where I'(1/3) & 2.679 and I'(2/3) ~ 1.354.
Returning to the matrix elements RT'" in (4.18) and (4.20), we find in leading, non-
vanishing order, up to terms of O(1/n),

(A.26)

4 2.2 ZAH " 4 2 .24
R ~ 20’ AH, . RU~ IO TSI 4y (A27)
' (1 —ioeo)?y 1+ a2 ’
with Hy , in (A.19). The shortcuts A and y are defined in (4.18). Finally, by virtue of (A.26),
. y y, by
—kl/erotg</,3

AH ¢

1,n ~ 2/3 (1 + - ')7 (A28)
3132160 (1/3) (1 + a2,) ™ n13/6

where the parentheses are to be completed as in (A.26), with k = 1 and o, = p/n. The
expansion of the squared matrix elements is stated in (4.25) and (4.26).
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